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Abstract 

We reinvestigate the infrared behavior of the pressure in the gcfi 3 scalar theory in six dimensions. 
This problem was first studied by Almeida and Frenkel and more recently by Carrington et al., 
that certified their results under certain approximations. We employ an alternative technique, 
instead of the approximation methods necessary to truncate the Schwinger-Dyson equations, 
often considered to calculate the pressure nonperturbatively. A daisy-type sum, implemented 
through the modified self-consistent resummation (MSCR), is enough to take care of the infrared 
divergences ensuring the finiteness of the pressure. 
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I. INTRODUCTION 

The physical problems which arise in ultrarelativistic heavy ion collisions or in the study 
of the very early Universe require a consistent treatment of field theory at finite temperature 
(FTFT) In the context of FTFT one of the most fundamental objects is the partition 
function, from which all information concerning the equilibrium thermodynamic macroscopic 
properties of the system can be obtained. One of such thermodynamic properties is the 
pressure. However, it was noted by Linde that the thermodynamic pressure of the 
Yang-Mills theory cannot be calculated perturbatively beyond fifth order in the coupling 
constant. This is due to the infrared (IR) divergences which emerge in FTFT. Various 
nonperturbative approaches has been used in the last decades trying to circumvent the IR 
problem cited above 0, 0, • Among these nonperturbative methods, are the ones based on 
the Schwinger-Dyson equations, the hard thermal loop resummation scheme and others. 

In this paper we employ an alternative nonperturbative method, the modified self- 
consistent resummation (MSCR), which we have developed recently 0, 0,11, E|, to study the 
infrared behavior of the pressure in the g<p 3 scalar theory in six dimensions. This model has 
been chosen due to its similarities to the Yang-Mills theory. This problem was firstly studied 
by Almeida and Frenkel through the Schwinger-Dyson equations in the ladder approxi- 
mation and more recently by Carrington et al. [5(, that certified (qualitatively) their results 
under certain approximations. The MSCR resums higher-order terms in a nonperturbative 
way curing the problem of breakdown of the perturbative expansion. Another advantage 
of the MSCR is that one can sum an infinite subset of diagrams in order to cancel the IR 
divergences HI El • We show in this work that only one recalculation (resummation) of 
the self-energy, is enough to obtain an IR divergent free result. We also obtain an analytic 
(finite) expression for the pressure which was computed in two approximations. 

The paper is organized as follows. In Sec. II we give the details of our approach, which 
is based on the MSCR formalism and derive an expression for the pressure. In Sec. Ill we 
compare the results obtained by using two approximations to compute the self-energy. We 
conclude the paper in Sec. IV. 

II. A NONPERTURBATIVE APPROACH 

In this section we perform the resummation of an infinite subset of diagrams employing 
the MSCR. To one loop order, the self-energy for the massless g<p 3 theory in six dimensions 
is given by 



where g is a positive coupling constant, A is an infrared cutoff, T is an ultraviolet cutoff on 
the momentum integration and G(p) = w i l +p s is the free massless particle propagator, with 
w n = 2n%T and k = iwi. As we are interested in study the infrared behavior of the theory, 
we take only the zero frequency (n = 0) terms in the equation above. To solve Eq. we 
use the maximization procedure adopted by Almeida and Frenkel 
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In the limit A — > and at leading order we get 

q 2 T 2 

n <* = °) = hi- < 3) 

At the pole of the corrected propagator, we have 

k 2 Q = U(k = 0) = Ml (4) 

The MSCR dictates that the dressed mass is obtained self-consistently at the pole of the 
full propagator, in a way that the (temperature dependent) divergences can be absorbed la 

Mj = (1 + A 2 )Ml + n(M 1 2 , k = M 2 ,k = 0), (5) 

where A 2 is the coefficient of the appropriate temperature dependent counterterm and 
U(M 2 , ko, k) is expressed as 



1 g 2 T f T 



where Mi is given by Eq. ©. As we showed in Ref. 0, Q i, 0, the resummation in the 
MSCR is achieved by the recalculation of the self-energy. This first iteration (recalculation) 
of the self-energy correspond to a sum of an infinite subset of daisy-type diagrams. Successive 
recalculations of the self-energy would turn Eq. Q in 

M 2 = n(M, k — M,k — 0). (7) 

This is nothing, but the Schwinger-Dyson equation for the two-point function evaluated at 
zero momentum at the pole of the dressed propagator. 
To obtain the pressure, let us use the relation [1|: 

where T>q is the free-particle propagator and 1PI means that only one-particle- irreducible 
diagrams enter II. In this case, H(k , k), as given by Eq. ©, is the one-loop self-energy plus 
an infinite subset of diagrams summed nonperturbatively through the MSCR. Then, in this 
approximation, the pressure is 



Po-irTJ 7TT5n n ( M ^o^). (9) 



T f d 5 k 1 T 
2 j^J x (2tt) 5 k 2 

Let us now evaluate U(M 2 , ko,k). As will be clear below, from here now A can be set equal 
to zero with no harm to the pressure, due the presence of M\. Using again the maximization 
procedure given by Eq. (J2J), we write the self-energy with k = (since / = 0) as 

1 f T d 5 v 1 1 

n »-°'^^S^5WT^ (10) 



9 T 
24tt 3 



3 T T Mf ( 3 k k M 2 

T - -Mi arctan — + - - [k - -Mi arctan — + -^t^— 



2 1 Mi 2 M 2 + T 2 \ 2 1 Mi 2 Mf + k 2 
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Plugging the equation above in Eq. (JHJ) yields 



9 2 T 2 



P = Pn- 



(24tt 



3\2 



rp4 rp4 

T + 



M 2 7 T 

= 1 - - -M? T 2 + Mf T arctan — 

6 M 2 + T 2 6 1 Mi 



(11) 
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arctan 
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Thus we have that the pressure is finite. Replacing the thermal mass given by Eq. (J3J) in 
Eq. (fTTj). we obtain 



P = Pn 



j 2 T 6 



6(24vr 



3^2 



7u 2 + 6u 3 arctan — 




(12) 



+4/i 4 ln( 1 + — 



3fi 4 arctan 2 — 



where 



Equation (|T2*|) shows explicitly that the pressure goes with T 6 , as it must be, by dimensional 
analysis. The factor between brackets can be evaluated as a function of the coupling g. In 
fact, as the value of the parameter p 2 is small even for g = 1, the leading term in Eq. (|T2"|) 

reads 

o 2 T e 

p=p °-m^r < 14) 



III. COMPARISON BETWEEN THE MAXIMIZATION PROCEDURE AND 
FEYNMAN PARAMETRIZATION 

In order to verify the reliability of the maximization procedure employed, we compare 
its results with results obtained by using Feynman parametrization and shifting the inte- 
gration variable in the computation of the self-energy. We must remark that this is also an 
approximate procedure, since no surface effects are taken into account, and the results are 
valid only in the high temperature limit. Taking again only the zero frequency terms, the 
self-energy, Eq. (^), after introducing one Feynman parameter, reads 

n(*fc *) = |£ jf & [t + - \m «*= (£) } , (15) 

where M 2 = k 2 x(l — x) — k 2 x, and the integration in p was already done. 

Computing the scalar field thermal mass as before, we obtain at the pole of the corrected 
propagator 



k 2 = n(fc , k = 0) (16) 
g 2 T 2 (3 T 2 ( k%\ 3 f 1 k ( T 

= 24^\2 + 2^H t^JU dl T^ arCtan Hp 
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FIG. 1: A comparison between the maximization procedure and Feynman parametrization ap- 
proaches to the self-energy as a function of k/T. 



For k << T, we obtain, at leading order, the same result as in the maximization procedure 

fc « = fS = m '- (i7) 

To evaluate the pressure we use, in Eq. (jHJ), H(ko = 0, k) from Eq. (j!5jl . In this limit, by 
applying the Feynman parameterization and shifting the momentum variable, we obtain 



H(Ar) 



9 2 T 2 
24vr 3 

3 

~2T 



1 A 4T 2 
1 H — 1 + — 7z arctan h . 

2 V F(k,T) \F(k,T) 

J dx k 2 x(l — x) + M\ ar ct an 



(18) 



^k 2 x(l -x) + Ml 



where F(k, T) = ^k A - Ak 2 {T 2 + Mf). 

Figure I compares Eq. (|18|) with the result obtained within the maximization procedure, 
Eq. (|10p. for g = 0.1. We can observe that the behavior of both results are approximately 
the same, in the region bellow the temperature cut-off. 

Using Eqs. Q and (|18p. we obtain, for the pressure in the Feynman parametrization 
approach: 



g 2 T* 



P 



Pn- 



(24vr 



3^2 



1 

- + 2 
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dy 



y 



V - 4(1 + fi 2 



arctan h 



^y 2 - 4(1 + ^) 



(19) 



-- / dx ( dy y 1 ! y 'y 2 x{l — x) + fi 2 arctan 
2 Jo jo 



v / y 2 x(l -x)+/j i 2 
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In order to compare Eq. ()19|) with Eq. (jl2j) . we compute numerically the value of 
— (247r 3 ) 2 P ~f° , a result that is independent of T, in the limits g = 0.1 and g = 1. Re- 
sults are shown on Table I. 





9 = 0.1 


9 = 1 


Maximization procedure 


0.00167 


0.165 


Feynman parameterization 


0.00130 


0.129 



TABLE I: Numerical evaluation of — (247r 3 ) 2 P T6 p ° , from Eqs. (|T2*j) (maximization procedure) 
and (fT9|) (Feynman parametrization) , as a function of the coupling g, for g = 0.1 and g = 1. 



IV. CONCLUSIONS 

In this paper we have considered the effects of the resummation in the study of the 
infrared behavior of the pressure in the g<p 3 scalar theory in 6 dimensions. For that purpose 
we have used the MSCR, which resums higher-order terms in a nonperturbative fashion. The 
computation of the scalar self-energy has been done both using a maximization procedure 
proposed by Almeida and Frenkel as well as the Feynman parametrization. We found that 
the two approximations agree in the limits analyzed, giving confidence in the procedure we 
used. We have shown that only one recalculation of the self-energy, which is equivalent to 
a sum of an infinite subset of diagrams, is enough to ensure the finiteness of the pressure. 
Although the results for the self-energy and the pressure given by the two approximations 
used differ a little bit from each other, they ensue a finite expression for these quantities in 
the infrared limit. 



We note that other approaches like the 2PI 1 11( and the 2PPI [12| (one of its variations) 
effective actions are also used to perform systematic selective resummations and furnish 
nonperturbative results such as the MSCR. For some models recently studied in the liter- 
ature, and under certain approximations, we could point out some similarities between the 
MSCR and, for instance, the 2PI results. Consider, for example, the 2PI effective potential 
at finite temperature for the Xcj) 4 model, V(<p, G(k)), where G{k) is the dressed propagator. 
After minimizing V(<fr,G(k)) with respect to G(k) one obtains a gap equation for G(k). If 
a Hartree form is taken for the dressed propagator 0, Q, G(k) = l/k 2 + M 2 , this yields 
an equation for the effective mass, which is Eq. (fTT) with IT(M, /c = M,k = 0) — > II(M) 
in this case, where I1(M) is the bubble diagram |8|. However, the 2PI effective resums 
only the two-point correlation function, leaving the vertex as the bare one leading to gauge 
dependent results for physical quantities. The gauge dependence of the effective action has 
been studied by Arrizabalaga and Smit 0], whereas gauge independent formalisms have 
been discussed by Carrington et. al 0] and J. Berges A modified form of the 2PI 

effective action has been suggested by Mottola 0] in order to maintain gauge invariance in 
QED. Since with the MSCR the vertex can be resummed in the same spirit of the two-point 
functions, it is expected to preserve gauge invariance as well [Til ]. 

Then we conclude that MSCR could serve as an alternative nonperturbative method to 
calculate the pressure and other physical quantities besides a Dyson resummation. 



1 A study on the rcnormalization of 2PI effective actions in scalar field theories can be found in Ref. [Icj . 
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